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06 Expansions of Theta Funtions and Appliations
A. Raouf Chouikha
∗
Abstrat
We prove that the lassial theta funtion θ4 may be expressed as
θ4(v, τ ) = θ4(0, τ ) exp[−
∑
p≥1
∑
k≥0
1
p
(
sin piv
(sin(k + 1
2
)piτ )
)2p
].
We obtain an analogous expansion for the three other theta funtions
sine they are related.
These results have several onsequenes. In partiular, an expansion of
the Weierstrass ellipti funtion will be derived. Ations of the modular
group and other arithmetial properties will also be onsidered. Finally
using a new expression for the Rogers-Ramanujan ontinued fration we
produe a simple proof of a Rogers identity.
Key words and phrases : theta funtions, ellipti funtions, q-series, Fourier
series, ontinued frations
1
1 Introdution
The lassial theta funtion is given by the doubly innite sum
θ(v, τ) =
∑
−∞<n<+∞
eipin
2τe2ipinv. (1)
whih loally onverges uniformly for v ∈ C the omplex plane, and τ ∈ H+ the
upper-half plane of omplex numbers with positive imaginary part.
A remarquable feature of the theta funtion is its dual nature. Indeed, when
viewed as a funtion of v, we see it as an ellipti analog of the exponential
funtion and it may be used in order to express ellipti funtions. Sine θ is
periodi with period 1 and quasi-period τ. When onsidered as a funtion of
τ, θ has modular properties with lose onnetion to the partition funtion and
the representation of integers as sums of squares.
The story of this funtion started with Euler, J. Bernoulli and Fourier who oa-
sionnaly used the theta funtion among other losely related funtions. However,
∗
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the systemati study of theta funtions and their utilisation for the theory of
ellipti funtions is due to Jaobi. He remarked that theta an be represented
by series whose onvergene is very fast and whih may used for numerial om-
putations of ellipti funtions.
General properties of theta funtions may be found in many referenes, among
whih [B℄, [M℄ or [W-W℄ ontain a good desription.
The above funtion θ is often alled the θ3 funtion of Jaobi. There are
three other θ funtions obtained by a hange of harateristis
θ1(v, τ) =
∑
−∞≤n≤+∞
(−1)n−12 q(n+12 )2eipi(2n+1)v = 2
∑
n≥0
(−1)nq(n+12 )2 sin((2n+1)piv)
θ2(v, τ) =
∑
−∞≤n≤+∞
q(
n+1
2 )
2
eipi(2n+1)v = 2
∑
n≥0
q(
n+1
2 )
2
cos((2n+ 1)piv)
θ4(v, τ) =
∑
−∞≤n≤+∞
(−1)nqn2eipi2nv = 1 + 2
∑
n≥1
(−1)nqn2 cos(2npiv)
where q = eipiτ veries | q |< 1, and v is a omplex number.
The four theta funtions are related. Then we an hoose any of these four
theta funtions and then dene the remaining three in terms of the one hosen.
All four theta funtions are entire funtions of v. All are periodi, the period of
θ1 and θ2 is 2, and that of θ3 and θ4 is 1.
It is known that the zeros of θ1 are m+nτ , those of θ2 are
1
2 +m+nτ , those of
θ3 are
1
2 + τ +m+nτ and those of θ4 are
1
2τ +m+ nτ where m,n are integers.
From the knowledge of the zeros it is possible to obtain innite produts rep-
resenting the theta funtions, and from these produts the partial fration ex-
pansions of log θ(v, τ) follow.
The main goal of this paper is to state a trigonometri expansion of theta
funtions in powers of sinpiv and to derive some appliations. Namely
log
θ4(v, τ)
θ4(0, τ)
=
∞∑
p=1
c2p(τ)(sin piv)
2p
where the oeients c2p, whih depend on τ, have the following form
c2p(τ) = (−1)p+1 2
2p+1
2p
∑
k≥0
(
q2k+1
(1− q2k+1)2
)p
= −1
p
∑
k≥0
1
(sin(k + 12 )piτ)
2p
where q = eipiτ , | q |< 1. In the same way, we also obtain the expressions
θ3(v, τ) = θ4(0, τ) exp[−
∑
p≥1
∑
k≥0
1
p
(
cospiv
(sin(k + 12 )piτ)
)2p
],
2
θ2(v, τ) = θ4(0, τ) exp[ipi(v +
1
4
τ)−
∑
p≥1
∑
k≥0
1
p
(
cospi(v + 12τ)
(sin(k + 12 )piτ)
)2p
],
θ1(v, τ) = θ4(0, τ) exp[ipi(v − 1
2
+
1
4
τ)−
∑
p≥1
∑
k≥0
1
p
(
sinpi(v + 12τ)
(sin(k + 12 )piτ)
)2p
].
The above expressions for θ4 and θ3 are valid in the "strip" | sinpivsin 12piτ |< 1,
those relating to θ2 and θ1 are valid in the "strip" | sinpi(v+
1
2 τ)
sin 12piτ
|< 1..
Some onsequenes of the above expansions may be dedued. In partiu-
lar, the Weierstrass ellipti funtion ℘(z) with primitive periods 2, 2τ has an
analogous expansion
℘(z + τ) = e3 −
∑
p≥1
[
∑
k≥0
−2(2p+ 1)(sin piz2 )2p
(sin(k + 12 )piτ)
2p+2
+
∑
k≥0
4p(sin piz2 )
2p
(sin(k + 12 )piτ)
2p
].
We also examine properties of c2p under the ations of the modular group and
Landen or Gauss transformations. Some arithmetial appliations using Lam-
bert series will also be onsidered. An expression for the Rogers-Ramanujan
ontinued frations will be derived
R(q) = q2/5e
∑
p≥1,k≥0
q2p(k+1)
p
(
(q2 − q)2p − (q3 − 1)2p
(q5(2k+1) − 1)2p
)
.
The last one allows us to prove the well known Rogers identity
R(q) = q
2
5
∏
k≥1
(1− q10k−2)(1 − q10k−8)
(1− q10k−4)(1 − q10k−6) .
3
2 Expansions of the theta funtions
2.1 Classial expansions
Reall at rst the following fats whih will be useful in the sequel
Proposition 2-1 The funtion θ4(v, τ) satises the triple produt
θ4(v, τ) =
∏
n≥1
(1− q2n)(1 − q2n+1e2ipiv)(1− q2n−1e−2ipiv)
where q = eipiτ , v ∈ C, τ ∈ H+.
It is also known that log θ4 has a Fourier series expansion, [B℄ or [W-W℄
Proposition 2-2 The theta funtion θ4 has the following expansion
θ4(v, τ) = θ4(0, τ) exp[4
∑
n31
qn
1− q2n
(sinnpiv)2
n
].
Moreover, this expansion is valid for Imτ > 0 and for | Imv |< 12Imτ.
We also obtain similar expansions for the other three theta funtions, [B℄.
In [C℄ we proved the following
Proposition 2-3 The theta funtion θ4 may be expressed as
θ4(v, τ) = θ4(0, τ) exp [
∑
p≥1
c2p(τ)(sin piv)
2p]
where the oeients c2p satisfy the reursion relation
(2p+ 2)(2p+ 1)c2p+2(τ) − 4p2c2p(τ) = 4
pi2
a2p(τ). (2)
with the a2p obeying the relation
(
pi
2
)2[(2p+ 2)(2p+ 1)a2p+2 − 4p2a2p]− 12e3a2p + 6
∑
0<r<p
a2ra2p−2r = 0 (3)
where e3 = − (pi)
2
12 [θ
4
2(0, τ) + θ
4
3(0, τ)] and a2 =
pi2
4 θ
4
2(0, τ)θ
4
3(0, τ).
Moreover, this expansion is valid for Imτ > 0 and for | sinpiv |< 1.
After eliminating the a2p we get relations between c2p oeients only.
The next result yields an analog version of the preeding
Proposition 2-4 The theta funtion θ4(v, τ) may be expressed under the
form
θ4(v, τ) = θ4(0, τ) exp[
∑
p≥1
c2p(τ)(sin piv)
2p]
4
where oeients c2p satisfy the system of reurrene equations for p ≥ 1
(A)
{
4!
(
2p+4
4
)
c2p+4 = (2p+ 1)(2p+ 2)
[
(2p+ 2)(2p+ 3) + 4p2 − c0
]
c2p+2
+(2p)2[c0 − (2p)2]c2p − 6
[
(2p+ 1)(2p+ 2)c2p+2 − 2c2 −
∑p
k=1 2kc2k
]2
where c0 = −4[θ42(0, τ) + θ43(0, τ)], c2 = 12pi2
θ′′4 (0,τ)
θ4(0,τ)
and
c4 =
1
3θ
4
2(0, τ)θ
4
3(0, τ) +
1
3 c2.
Moreover, this expansion is valid for Imτ > 0 and for | sinpiv |< 1.
Indeed, starting from (2) a alulation gives{
4
pi2 [(2p+ 2)(2p+ 1)a2p+2 − 4p2a2p] = (2p+ 1)(2p+ 2)(2p+ 3)(2p+ 4)c2p+4−
(2p+ 1)(2p+ 2)[(2p+ 2)(2p+ 3) + 4p2]c2p+2 + (2p)
4c2p
.
We also have
∑
0<r<p
a2ra2p−2r = (
pi
2
)4[(2p+ 1)(2p+ 2)c2p+2 − c2 −
k=p∑
k=1
c2k]
2.
Thus, we obtain the following expressions onneting the c2p oeients

(2p+ 1)(2p+ 2)(2p+ 3)(2p+ 4)c2p+4 − (2p+ 1)(2p+ 2)
[
(2p+ 2)(2p+ 3)
+4p2
]
c2p+2 + (2p)
4c2p + c0
[
(2p+ 1)(2p+ 2)c2p+2 −
(2p)2c2p
]
+ 6
[
(2p+ 1)(2p+ 2)c2p+2 − 2c2 −
∑p
k=1 2kc2k
]2
= 0
whih preisely are the reursion relations (A).
2.2 Main result
Now we are going to prove the following
Theorem 2-5 Let q = eipiτ , | q |< 1. The oeients c2p dened by
Propostion 2-4 may be expressed as
c2p(τ) = −1
p
∑
k≥0
1
(sin(k + 12 )piτ)
2p
= −1
p
∑
k≥0
[
(−4)q2k+1
(1 − q2k+1)2
]p
.
Then, the theta funtions have the following expansions
θ4(v, τ) = θ4(0, τ) exp[−
∑
p≥1
∑
k≥0
1
p
(
sinpiv
(sin(k + 12 )piτ)
)2p
],
θ3(v, τ) = θ4(0, τ) exp[−
∑
p≥1
∑
k≥0
1
p
(
cospiv
(sin(k + 12 )piτ)
)2p
],
5
θ2(v, τ) = θ4(0, τ) exp[ipi(v +
1
4
τ)−
∑
p≥1
∑
k≥0
1
p
(
cospi(v + 12τ)
(sin(k + 12 )piτ)
)2p
],
θ1(v, τ) = θ4(0, τ) exp[ipi(v − 1
2
+
1
4
τ)−
∑
p≥1
∑
k≥0
1
p
(
sinpi(v + 12τ)
(sin(k + 12 )piτ)
)2p
].
Moreover, the above expressions for θ4 and θ3 are valid in the "strip"
| sinpiv
sin 12piτ
|< 1,
those for θ2 and θ1 are valid in the "strip" | sinpi(v+
1
2 τ)
sin 12piτ
|< 1.
Proof of Theorem 2-5 At rst, let us determine the oeient c2(τ).
Lemma 2-6 The oeient c2(τ) of the expansion of theta funtion given
by Proposition 2-4 may be written under the forms
c2(τ) = −4
∑
n≥0
(−1)nn2qn2
1 + 2
∑
n≥1
(−1)nqn2
= 4
∑
n≥1
q2n−1
(1− q2n−1)2 = 4
∑
n≥1
nqn
(1− q2n)
Indeed, from Propostion 2-4 one has
2pi2c2 =
θ′′4 (0)
θ4(0)
.
Furthermore, by the Fourier series expansion
θ4(v) = 1 + 2
∑
n≥0
(−1)nein2piτ cos(2npiv),
one dedues θ4(0) =
∑
n≥1(−1)nein
2piτ
and
θ′′4 (0) = −8pi2
∑
n≥1
(−1)nn2ein2piτ .
On the other hand, sine we have (see [W-W℄ or [B℄ vol 3)
θ′′4 (0)
θ4(0)
= 8pi2
∑
n≥1
q2n−1
(1 − q2n−1)2
we then get the seond expression of c2, where q = e
ipiτ
.
We shall ompare dierent expansions for the theta funtions. This will
allow us to establish the expression of the c2p oeients.
By Proposition 2-2
θ4(v, τ) = θ4(0, τ) exp[4
∑
n≥1
qn
1− q2n
(sinnpiv)2
n
]. (4)
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Comparing the latter with the expansion given by Proposition 2-4
θ4(v, τ) = θ4(0, τ) exp[
∑
p≥1
c2p(τ)(sin piv)
2p]
one derives the following
Lemma 2-7 The oeients c2p dened by Proposition 2-4 may be writ-
ten as
c2p(τ) = (−1)p+122p
[
qp
p(1− q2p) + 2
∑
m>p
(
m+ p− 1
m− p− 1
)
qm
(m− p)(1− q2m)
]
.
= (−1)p+1 2
2p+1
(2p)!
∑
n≥p
(n+ p− 1)!
(n− p)!
qn
(1 − q2n) .
In partiular, we again nd
c2(τ) = 4
∑
n≥1
nqn
(1− q2n) .
Proof of Lemma 2-7 It is enough to express cos(2nα) in terms of sinα
as
cos(2nα) =
(−1)n
2
(2 sinα)2n+
n−1∑
k=0
(−1)n+k+1 2n
k + 1
(
2n− k + 1
k
)
(2 sinα)2n−2k−2
= n
∑
0≤p≤n
(−1)p(n+ p− 1)!
(2p)!(n− p)! (2 sinx)
2p =
n∑
p=0
b2p,n(sinα)
2p,
where
b2n,n = (−1)n22n−1; and b2p,n = (−1)p22p n
n− p
(
n+ p− 1
n− p− 1
)
for n 6= p.
It an also be rewritten
b2p,n = n
(−1)p(n+ p− 1)!
(2p)!(n− p)! 2
2p for 0 ≤ p ≤ n.
Furthermore, we may use the fat
log
θ4(v, τ)
θ4(0, τ)
= 2
∑
n≥1
γn − 2
∑
n≥1
γn cos(2nv) =
∑
p≥1
c2p(τ)(sin piv)
2p,
where γn =
qn
n(1− q2n) .
So, we obtain the relations
c2p = −2
∑
n≥p
γnb2p,n = −(−1)p22p
[
γpb2p,p +
∑
n≥p
qn
(n− p)(1− q2n
(
n+ p− 1
n− p− 1
)]
.
7
Therefore
c2p = −2(−1)p22p−1 q
p
1− q2p+(−1)
p+122p+1
∑
m>p
(
m+ p− 1
m− p− 1
)
qm
(m− p)(1− q2m) .
i.e.,
c2p(τ) = (−1)p+1 2
2p+1
(2p)!
∑
n≥p
(n+ p− 1)!
(n− p)!
qn
(1− q2n) .
In partiular, for p = 1,
c2(τ) = 2
2 q
1− q2 + 8
∑
m>1
(
m
m− 2
)
qm
(m− 1)(1− q2m) ,
and
c2(τ) = 2
2 q
1− q2 + 4
∑
m>1
mqm
(1 − q2m) = 4
∑
n≥1
nqn
(1− q2n) .
These series an be expressed as
(−1)p+1 (2p)!
22p+1
c2p(τ) =
∑
n≥p
(n+ p− 1)!
(n− p)!
qn
(1− q2n) =
∑
n≥p
qn(n+ p− 1)!
(n− p)!
∑
k≥0
q2kn
=
∑
k≥0,n≥p
(n+ p− 1)!
(n− p)! q
2kn+n =
∑
k≥0
q(2k+1)p
∑
n≥p
(n+ p− 1)!
(n− p)! q
(2k+1)(n−p)
=
∑
k≥0
gp(q
2k+1),
where
gp(z) =
∑
n≥p
(n+ p− 1)!
(n− p)! z
n = zp
∑
m≥0
(m+ 2p− 1)!
(m)!
qm.
Now using the notation
(2p)n = 2p(2p+ 1).....(2p+ n− 1), then (m+ 2p− 1)! = (2p)m(2p− 1)!,
and one gets
1
(2p− 1)!gp(z) = z
p
∑
m≥0
(2p)m
(m)!
qm.
However, we know that
zp
∑
m≥0
(2p)m
(m)!
qm = zp 2F1(2p, α, α, z) =
zp
(1− z)2p .
gp(τ) = (2p− 1)! z
p
(1− z)2p .
8
As a result, we may derive the expression
c2p(τ) = (−1)p+1 2
2p+1
(2p)!
∑
k≥0
gp(q
2k+1) = (−1)p+1 2
2p+1
2p
∑
k≥0
q(2k+1)p
(1− q2k+1)2p .
(−1)p+1 (2p)!
22p+1
c2p(τ) = (2p− 1)!
∑
k≥0
2F1(2p, α, α, q
2k+1)
Finally,
c2p(τ) = (−1)p+1 2
2p+1
2p
∑
k≥0
(
q2k+1
(1− q2k+1)2
)p
= −1
p
∑
k≥0
1
(sin(k + 12 )piτ)
2p
.
The proof of Theorem 2-5 has been ahieved.
2.3 The link with ellipti funtions
Now, onsider the zeta funtion of Jaobi. It is dened by
Zn(z, k) =
1
2K
d
dz
log θ4(v, τ),
where v = z2K and K = 2
∫ pi
2
0
dx√
1−k2 sin2 x
is the omplete ellipti integral of
the rst kind and the modulus is suh that 0 < k < 1.
We have
Corollary 2-8 The zeta funtion of Jaobi has the following form
Zn(z, k) =
pi
2K
sin(pi2v)
∑
k≥0
1
sin2(piv) − sin2(k + 12piτ)
where v = z2K satises | sinpiv |<| (sin(12 )piτ) | .
In partiular, the logarithmi derivatives of theta funtions an be written under
the forms
θ′4(v, τ)
θ4(v, τ)
= 4pi sin(pi2v)
∑
k≥0
q2k+1
1− 2q2k+1 cos 2piv + q4k+2
θ′3(v, τ)
θ3(v, τ)
= −4pi sin(pi2v)
∑
k≥0
q2k+1
1 + 2q2k+1 cos 2piv + q4k+2
θ′2(v, τ)
θ2(v, τ)
= − tan(piv)− 4pi sin(pi2v)
∑
k≥0
q2k+2
1 + 2q2k+2 cos 2piv + q4k+4
θ′1(v, τ)
θ1(v, τ)
= cot(piv) + 4pi sin(pi2v)
∑
k≥0
q2k+2
1− 2q2k+2 cos 2piv + q4k+4 .
9
Moreover, the equations for θ1 and θ2 are valid in the strip | Imv |< Imτ,
those for θ3 and θ4 are valid in the strip | Imv |< 12Imτ.
Indeed,
Zn(z, k) =
1
2K
d
dz
log θ4(v, τ) =
pi
2K
sin(pi2v)
∑
k≥0
∑
p≥1
(
sinpiv
(sin(k + 12 )piτ)
)2p
.
Suppose the variable v satises
| sinpiv
(sin(12 )piτ)
|< 1.
We then obtain
(
sinpiv
(sin(k + 12 )piτ)
)2∑
p≥0
(
sinpiv
(sin(k + 12 )piτ)
)2p
=
(
sinpiv
(sin(k+ 12 )piτ)
)2
1−
(
sinpiv
(sin(k+ 12 )piτ)
)2 =
(sinpiv)2
(sin(k + 12 )piτ)
2 − (sinpiv)2
.
Therefore, the result follows. The domain of onvergene for these series may
be extended to the strip | Imv |< 12Imτ (see for example [W-W℄ page 489).
Notie that the zeta funtion of Jaobi also has a Fourier expansion
Zn(z, k) =
2pi
K
∑
n≥1
qn
1− q2n sin
npiz
K
.
Remark 2-10 (i) Conerning the onvergene of the trigonometri se-
ries, notie that those pertainig to θ3 and θ3 ould onverge if cosh(Imv) <
sinh Imτ2 . Those appliable to θ1 and θ2 ould onverge if | coth(Imv) |<
tanh Imτ2 .
The rst inequality implies | sinpiv
sin 12piτ
|< 1 and the seond one implies | sinpi(v+ 12 τ)
sin 12piτ
|<
1.
(ii) Moreover, the above trigonometri expansions of theta funtions whih
are very losed to Fourier series expansions seem to be new. We have not yet
found an analog of these series (in this present form) nor an allusion to them
in the lassial literature onerning the theta funtions. The only thing whih
may ath our attention is the onnetion of the above expansions of theta fun-
tions with the innite produts.
Indeed, The latter expressions given by Corollary 2-8 an also be dedued by
logarihmi dierentiation of the wellknown identities whih yields the theta fun-
tions as innite produt. Therefore, the series expansions stated by Theorem
10
2-5 an also be dedued.
More preisely, from
θ1(v, τ) = 2q
1
4 sin(piz)Πk≥0(1− q2k+2)(1− 2q2k+2 cos(2piv) + q4k+4)
θ2(v, τ) = 2q
1
4 cos(piz)Πk≥0(1− q2k+2)(1 + 2q2k+2 cos(2piv) + q4k+4)
θ3(v, τ) = Πk≥0(1− q2k+2)(1 + 2q2k+1 cos(2piv) + q4k+2)
θ4(v, τ) = Πk≥0(1− q2k+2)(1 − 2q2k+1 cos(2piv) + q4k+2)
we get the above expression of
θ′1(v, τ)
θ1(v, τ)
,
θ′2(v, τ)
θ2(v, τ)
,
θ′3(v, τ)
θ3(v, τ)
,
θ′4(v, τ)
θ4(v, τ)
, respetively
(see [W-W℄ page 489).
However, we may notie that the previous innite produt representing the theta
funtions are valid in the entire v-plan.
Corollary 2-11 Under the same hypotheses, the following expressions for
ratios of theta funtions hold
θ1(v, τ)
θ2(v, τ)
= exp[
∑
p≥1
c2p(τ)[sin
2p pi(v +
1
2
τ)− cos2p pi(v + 1
2
τ)]]
θ3(v, τ)
θ4(v, τ)
= exp[
∑
p≥1
c2p(τ)[cos
2p piv − sin2p piv]].
Corollary 2-12 Under the same hypotheses, the following expression for
the produt of the theta funtions holds
θ2(v, τ)θ3(v, τ)θ4(v, τ)
θ34(0, τ)
= eipi(v+
1
4 τ)exp[
∑
p≥1
c2p(τ)[cos
2p piv+sin2p piv+cos2p pi(v+
τ
2
)]].
In partiular, we get
θ′1(0, τ) = piθ2(0, τ)θ3(0, τ)θ4(0, τ) = −piθ34(0, τ)q
1
4 exp[
∑
p≥1
c2p(τ)[1 + cos
2p pi
τ
2
]].
The eta funtion of Dedekind may be expressed as
η(τ) = 2−
1
3 eipiτ/12θ4(0, τ) exp
∑
p≥1
c2p(τ)
3
[1 + cos2p(pi
τ
2
)]
The proofs of the above results use the same tehniques of [C℄.
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3 Modular transformations
3.1 Some properties of the oeients
The above oeients c2p(τ) are suh that
c2p(τ + 2) = c2p(τ).
Furthermore, by the periodiity properties of the theta funtions we may dedue
some additional relations. More preisely, if the argument v is inreased by τ ,
they are unaeted exept for the multipliation by a simple fator. We get
θ1(v + τ, τ) = −(qe2ipiv)−1θ1(v, τ)
θ2(v + τ, τ) = (qe
2ipiv)−1θ2(v, τ)
θ3(v + τ, τ) = (qe
2ipiv)−1θ3(v, τ)
θ4(v + τ, τ) = −(qe2ipiv)−1θ4(v, τ)
We dedue the following∑
p≥1
c2p(τ)[(cos piv)
2p−(sinpiv)2p] = ipi+
∑
p≥1
c2p(τ)[(cos pi(v+τ))
2p−(sinpi(v+τ))2p].
∑
p≥1
c2p(τ)[(cos piv)
2p − (cos pi(v + τ))2p] = ipi(2v + τ)
3.2 Ations of the modular group
Moreover, we have seen before (see [C℄) that the double family of oeients a2p
and c2p, have analogous properties under the ation of the modular group Γ(1).
For example, when we examine the theta relation θ4(v +
1
2 , τ + 1) = θ4(v, τ),
we nd
c2p(τ + 1) = (−1)p
∑
k≥p
(
k
p
)
c2k(τ) (5)
whih is similar with the relation satised by the oeients a2p (see [C℄).
Equality (5), ombined with System (A), permits to obtain other relations be-
tween the oeients.
As onsequenes of Theorem 2-5, we have
Corollary 3-1 Under the ations of the modular group τ → τ + 1, and
τ → −1τ , the oeients beome
c2p(τ + 1) = −1
p
∑
k≥0
[
4q2k+1
(1 + q2k+1)2
]p
.
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2τ2
c2p(
−1
τ
) = −1− (−1)p 2
p+1
2p
∑
k≥1
[
q2k
1 + q2k
]p
.
Moreover, the following relation holds
(−1)
∑
k≥1
kc2k(τ) =
∑
n≥1
n(−1)nqn
(1− q2n) .
∑
p≥1
c2p(τ)[(cos pi
τ
2
)2p =
∑
p≥1
c2p(τ + 1)[1 + (sinpi
τ
2
)2p].
c2(τ + 1) = −4
∑
k≥0
q2k+1
(1 + q2k+1)2
=
1
2pi2
θ′′3 (0)
θ3(0)
.
2
τ2
c2(
−1
τ
) = −1− 8
∑
k≥1
q2n
1 + q2n
=
1
2pi2
θ′′2 (0)
θ2(0)
.
3.3 Landen and Gauss transformations
Furthermore, using the Landen transformation we may obtain relations on-
neting θ(2v, 2τ) and θ(v, τ). More preisely, we get (see [B℄ or [W-W℄)
θ4(2v, 2τ) =
θ3(v, τ)θ4(v, τ)
θ4(0, 2τ)
= θ4(0, 2τ) exp[
∑
p≥1
c2p(2τ)(sin 2piv)
2p]. (6)
From Proposition 2-4 and Theorem 2-5 , one proves the following
Proposition 3-2 The oeients c2p(2τ) satisfy the relation
c2p(2τ + 1) =
∑
k≥2p
2−k
(
k
2p
)
c2k(τ)
Indeed, we have seen that
θ3(v, τ) = θ4(0, τ) exp[
∑
p≥1
c2p(τ)(cos piv)
2p].
Moreover, sine [θ4(0, 2τ)]
2 = θ3(0, τ)θ4(0, τ) and log[θ3(0, τ)] =
∑
p c2p(τ),
then (6) implies
Lemma 3-3 When v belongs to the strip | sinpiv
sin 12piτ
|< 1 the following
relations hold∑
p≥1
c2p(τ)
[
(sinpiv)2p + (cospiv)2p − 1
]
=
∑
p≥1
c2p(2τ)(sin 2piv)
2p
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=
∑
p≥1
c2p(2τ + 1)(cos 2piv)
2p.
∑
p≥1
c2p(τ)
[
(sinpi(v +
1
4
))2p + (cos pi(v +
1
4
))2p − 1
]
=
∑
p≥1
c2p(2τ)(cos 2piv)
2p
=
∑
p≥1
c2p(2τ + 1)(sin 2piv)
2p.
In partiular, we dedue the identities
θ3(2v, 2τ) =
θ3(v +
1
4 , τ)θ3(v +
1
4 , τ)
θ4(0, 2τ)
=
θ4(v +
1
4 , τ)θ4(v +
1
4 , τ)
θ4(0, 2τ)
Indeed, sine (cos v)2n = (1+cos 2v2 )
n = 2−n
k=n∑
k=0
(
n
k
)
(cos 2v)k then
∑
p
2−pc2p(τ)
k=p∑
k=0
[(−1)k
(
p
k
)
+
(
p
k
)
](cos 2v)k −
∑
c2p(τ) =
=
∑
c2p(2τ + 1)(cos 2v)
2p,
thus
∑
p
2−pc2p(τ)
2k=p∑
k=0
(
p
2k
)
(cos 2v)2k −
∑
c2p(τ) =
∑
c2p(2τ + 1)(cos 2v)
2p.
As a result
∑
k
[ ∑
p≥2k
2−p
(
p
2k
)
c2p(τ)
]
(cos 2v)2k −
∑
c2p(τ) =
∑
c2p(2τ + 1)(cos 2v)
2p.
Interhanging p and k, one gets
∑
p
[ ∑
k≥2p
2−k
(
p
2k
)
c2k(τ)
]
(cos 2v)2p −
∑
c2p(τ) =
∑
c2p(2τ + 1)(cos 2v)
2p.
This proves Lemma 3-3 and Proposition 3-2.
Corollary 3-4 The oeients c2p(2τ) also satisfy the equation
c2p(2τ) = (−1)p
∑
m≥2p
[
2k=m∑
k=p
(
k
p
)(
m
2k
)
]2−mc2m(τ)
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Indeed, (5) implies c2p(τ + 1) = (−1)p
∑
k≥p
(
k
p
)
c2k(τ) and
Proposition 3-2 gives c2p(2τ + 1) =
∑
k≥2p 2
−k
(
k
2p
)
c2k(τ).
Thus, ombining these two equalities, one obtains
c2p(2τ) = (−1)p
∑
k≥p
(
k
p
)
[
∑
2k≥m
(
m
2k
)
]2−mc2m(τ)
= (−1)p
∑
m≥2p
[
2k=m∑
k=p
(
k
p
)(
m
2k
)
]2−mc2m(τ)
Corollary 3-5 The η funtion of Dedekind satises the following
η(2τ)
η(τ)
= 2−1/3q
1
12 exp
∑
p≥1
c2p(τ)
3
[cos2p
piτ
2
− 1].
Indeed, this follows from the known identities
η3(2τ)
η3(τ)
=
θ′1(0, 2τ)
θ′1(0, τ)
=
1
2
θ2(0, τ)√
θ3(0, τ)θ4(0, τ)
.
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4 Some arithmetial properties
4.1 Transformations of higher order
One proved (Proposition (3-4) of [C1℄) for m ≥ 1 a modular equation satised
by the oeients
1
2
qm
1− q2m = m(−1)
m+1
∑
p≥m
2−2p
(
2p
p−m
)
c2p(τ) =
∑
p≥1
2−2p
(
2p
p− 1
)
c2p(mτ).
In partiular, for m = 2 one again nds
−
∑
p≥2
2−2p
(
2p
p− 2
)
c2p(τ) =
∑
p≥1
2−2p
(
2p
p− 1
)
c2p(2τ)
In fat, for any positive integer k we get the identity
1
2
qm
1− q2m =
k′≥0∑
p≥m
(
2p
p− 1
)
(−1)p+1
p
(
q2k
′m+m
(1− q2k′m+m)2
)p
= k(−1)k+1
∑
p≥k
2−2p
(
2p
p− k
)
c2p(
m
k
τ).
Thus, we have
Proposition 4-1 Let n and k ≥ 1 be integers.
The following identities hold
k(−1)k+1
∑
p≥k
2−2p
(
2p
p− k
)
c2p(nτ) = n(−1)n+1
∑
p≥n
2−2p
(
2p
p− n
)
c2p(kτ) =
∑
p≥1
2−2p
(
2p
p− 1
)
c2p(nkτ) = nk(−1)nk+1
∑
p≥nk
2−2p
(
2p
p− nk
)
c2p(τ)
4.2 Other expressions using Lambert series
Propostion 4-2 The oeients c2p(τ) given by Theorem 2-5 may also be
written under the form
c2p(τ) = (−1)p+1 2
2p+1
2p
∑
k≥0
(
q2k+1
(1 − q2k+1)2
)p
= (−1)p+1 2
2p
2p !
∑
n≥p
(An +Bn)q
n
where
An +Bn =
∑
d|n,d≥p
(1 + (−1)nd−1) (d+ p− 1)!
(d− p)!
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Proof It is known that for | z |< 1 Lambert series an be written in
dierent manners. In partiular,∑
n≥1
an
zn
1− zn =
∑
n≥1
Anz
n,
where
An =
∑
d|n
ad.
Moreover, using the Mobius funtion µ(n), we an express an in terms of An.
Namely,
an =
∑
d|n
µ(
n
d
)An.
Furthermore, we may prove that∑
n≥1
zn
1 + zn
=
∑
n≥1
Bnz
n,
where
Bn =
∑
t|n
(−1)t−1an
t
=
∑
d|n
(−1)nd ad.
Let for any p ≥ 1
c2p(τ) = (−1)p+1 2
2p+1
(2p)!
∑
n≥p
(n+ p− 1)!
(n− p)!
qn
1− q2n
Then, we may dedue
2(−1)p+1 2
2p
2p !
∑
n≥p
(n+ p− 1)!
(n− p)!
zn
1− z2n =
∑
n≥p
(An +Bn)z
n,
where
An +Bn =
∑
d|n,d≥p
(1 + (−1)nd−1) (d+ p− 1)!
(d− p)! ,
and An = Bn = 0 for n < p.
Remark 4-3 For p = 1, we get
c2(τ) = 4
∑
n≥1
nqn
(1− q2n)
but,
nqn
(1− q2n) = n(q
n + q3n + q5n + ....
The oeent of qm is n, if n divides m in suh a way that mn is odd.
Suppose m = 2kp, p being odd . It implies that n = 2kd, where d is a divisor
of p.
Then, the oeient of qm in the expansion of nq
n
(1−q2n) is obviously 2
k
∑
d|p d.
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5 An expansion of ℘(z)
In this setion we propose another interesting appliation of Theorem 2-5, one
onerning a new type of expansion for ellipti funtions. More preisely, we
state for the ellipti Weierstrass fontion ℘(z) an analogous expansion as we did
for the θ funtion.
Reall that ℘(z) whih has primitive periods 2 and 2τ relative to g2 and
g3, may be written as
℘(z) = ℘(z; 1, τ) =
1
z2
+
∑
m,n
[
1
(z − 2m− 2nτ)2 −
1
(2m+ 2nτ)2
]
The Weierstrass fontion ℘(z) is related to the theta funtions θi(v) where
v = z2ω :
℘(z) = (
1
2ω
)2[−4ηω − d
2logθ1(v)
dv2
]
with η = − 112ω
θ
′′′
1 (0)
θ
′
1(0)
. In the same way we have
℘(z + ω′) = (
1
2ω
)2[−4ηω − d
2logθ4(v)
dv2
].
We proved (see [C℄ ) that ℘(z; 1, τ) has the following expansion
℘(z + τ) = e3 −
∑
p≥1
a2p(e3)(sin
piz
2
)2p. (7)
where a2(e3) = (
1
pi )
2(g2 − 12e32) , e3 = ℘(τ) and the other oeients
satisfy the reursion relations
(
pi
2
)2[(2p+ 2)(2p+ 1)a2p+2 − 4p2a2p]− 12e3a2p + 6
∑
0<r<p
a2ra2p−2r = 0. (3)
Using relations (2) and (3) and Theorem 2-5 we shall give expliit expressions
for the oeients a2p(e3) = a2p(τ)
Theorem 5-1 The Weierstrass ellipti funtion ℘(z) = ℘(z; 1, τ) with
primitive periods 1 and τ may be expressed under the form
℘(z + τ) = e3 −
∑
p≥1
a2p(τ)(sin
piz
2
)2p
where the oeients are
a2p(τ) = −2(2p+ 1)
∑
k≥0
1
(sin(k + 12 )piτ)
2p+2
+ 4p
∑
k≥0
1
(sin(k + 12 )piτ)
2p
.
Moreover, the above expression of ℘(z) is valid in the strip | sin piv
sin 12piτ
|< 1.
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Indeed, the expression for a2p(τ) is dedued from
(2p+ 2)(2p+ 1)c2p+2(τ)− 4p2c2p(τ) = 4ω
2
pi2
a2p(ω, ω
′) =
3
pi2
a2p(1, τ) (2)
and Theorem 4-1 sine
c2p(τ) = −1
p
∑
k≥0
1
(sin(k + 12 )piτ)
2p
= −1
p
∑
k≥0
[
(−4)q2k+1
(1 − q2k+1)2
]p
.
Thus, ℘(z) may be expressed as
℘(z + τ) = e3 −
∑
p≥1
[
∑
k≥0
−2(2p+ 1)(sin piz2 )2p
(sin(k + 12 )piτ)
2p+2
+
∑
k≥0
4p(sin piz2 )
2p
(sin(k + 12 )piτ)
2p
].
Moreover, aording to the addition theorem for ℘(z), this funtion may be
written as
℘(z) = e3 − g2 − 12e
2
3
2
∑
p≥1
∑
k≥0
[
−2(2p+ 1)(sin piz2 )2p
(sin(k + 12 )piτ)
2p+2
+
4p(sin piz2 )
2p
(sin(k + 12 )piτ)
2p
]
.
6 The Rogers-Ramanujan ontinued frations
For | q |< 1 the Rogers funtions are dened by
G(q) =
∑
n≥0
q2n
2
(q2, q2)n
; H(q) =
∑
n≥0
q2n(n+1)
(q2, q2)n
where q = eipiτ ; (a, q)n =
∏n−1
k=0 (1 − aqk); (a, q)∞ = limn→∞(a, q)n.
It is known that
G(q) =
1
(q2, q10)∞(q8, q10)∞
; H(q) =
1
(q4, q10)∞(q6, q10)∞
.
The Rogers-Ramanujan ontinued frations is dened by
R(q) =
q2/5
1 + q
2
1+ q
4
1+
q6
1+...
.
It an be expressed in terms of q-series by
R(q) = q2/5
H(q)
G(q)
= q2/5
∏
k≥1
(1 − q10k−2)(1− q10k−8)
(1 − q10k−4)(1− q10k−6)
We intend to give a simple proof of the the above Rogers identity.
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Theorem 6-1 The Rogers-Ramanujan ontinued frations R(q) for
q = eipiτ , | q |< 1 may be expressed as
R(q) = exp[ipi
2τ
5
−
∑
p≥1
c2p(5τ)[(sin
piτ
2
)2p − (sin 3piτ
2
)2p]]
= exp[ipi
2τ
5
+
∑
p≥1
∑
k≥0
+
1
p
[(sin piτ2 )
2p − (sin 3piτ2 )2p]
(sin(k + 12 )5piτ)
2p
].
Equivalently, in terms of q-series
R(q) = q2/5e
∑
p≥1,k≥0
q2p(k+1)
p
(
(q2 − q)2p − (q3 − 1)2p
(q5(2k+1) − 1)2p
)
.
Proof Consider the Ramanujan theta funtion
f(a, b) =
∑
k∈Z
a
k(k+1)
2 b
k(k−1)
2
f(a, b) = (−a, ab)∞(−b, ab)∞(ab, ab)∞
with | ab |< 1. We denote here (α, β)∞ =
∏
i≥1(1 − αβi). This funtion is
related to the lassial one
θ4(v, q) = f(−qe2ipiv,−qe−2ipiv).
Thus,
R(q) = q1/5
f(−q2,−q8)
f(−q4,−q6) .
One gets the relation
R(q) = q2/5
θ4(
3
2τ, 5τ)
θ4(
1
2τ, 5τ)
,
whih implies the wanted expression of R(q) sine by Theorem 2-5
θ4(v, 5τ) = θ4(0, 5τ) exp[−
∑
p≥1
∑
k≥0
1
p
(
sinpiv
(sin(k + 12 )5piτ)
)2p
].
Corollary 6-2 R(q) may also be expressed as
R(q) = q2/5 exp
( ∑
p≥1,k≥0
1
p
[(cos piτ2 )
2p − (cos 3piτ2 )2p]
(cos(k + 12 )5piτ)
2p
)
.
Equivalently,
R(q) = q2/5e
∑
p≥1,k≥0
q2p(k+1)
p
(
(q2 + q)2p − (q3 + 1)2p
(q5(2k+1) + 1)2p
)
.
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Indeed, this is a diret onsequene of the theta identity
θ4(v, τ + 1) = θ3(v, τ) = θ4(v +
1
2
, τ).
Corollary 6-3 Under the ation of the modular group one has
R(τ + 1) = e2ipi/5R(τ).
R(−1/τ) = e
ipi/5+
∑
p≥1,k≥0
1
p
[(sin pi(τ−410 )
2p − (sin pi(τ−2)10 )2p]
(sin(k + 12 )piτ/5)
2p
.
Indeed, the rst identity is obtained from Corollary 6-2. Whereas, we may
dedue the seond one from
R(−1/τ) = eipi/5 θ3(
3+τ
10 , τ/5)
θ3(
1+τ
10 τ, τ/5)
= eipi/5
θ4(
τ−2
10 , τ/5)
θ4(
τ−4
10 τ, τ/5)
.
Corollary 6-4 Let q = eipiτ , | q |< 1. From the expression
R(q) = q2/5 exp
( ∑
p≥1,k≥0
1
p
[(sin piτ2 )
2p − (sin 3piτ2 )2p]
(sin(k + 12 )5piτ)
2p
)
we may dedue the Rogers formula
R(q) = q
2
5
∏
k≥1
(1− q10k−2)(1 − q10k−8)
(1− q10k−4)(1 − q10k−6) .
Proof Starting from the expansions
∑
p≥1
1
p
(sin piτ2 )
2p
(sin(k + 12 )5piτ)
2p
= −log(1− (sin
piτ
2 )
2
(sin(k + 12 )5piτ)
2
)
∑
p≥1
1
p
(sin 3piτ2 )
2p
(sin(k + 12 )5piτ)
2p
= −log(1− (sin
3piτ
2 )
2
(sin(k + 12 )5piτ)
2
).
We then derive the following expressions
R(q) = q2/5
∏
k≥0
(sin(k + 12 )5piτ)
2 − (sin 3piτ2 )2
(sin(k + 12 )5piτ)
2 − (sin piτ2 )2
R(q) = q2/5
∏
k≥0
cos(2k + 1)5piτ − cos 3piτ
cos(2k + 1)5piτ − cospiτ
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R(q) = q2/5
∏
k≥0
[sin(5k + 4)piτ ][sin(5k + 1)piτ ]
[sin(5k + 3)piτ ][sin(5k + 2)piτ ]
.
Thus,
R(q) = q2/5
∏
k≥0
(q10k+8 − 1)(q10k+2 − 1)q5k+3q5k+2
q5k+4q5k+1(q10k+6 − 1)(q10k+4 − 1) .
Remark 6-5 There are many other expressions of R(q) in terms of theta
funtions. One of them given by Z.-G. Liu [L℄ may be interesting
R(q) = q−6/10
θ1(τ, 5τ)
θ1(2τ, 5τ)
.
Indeed, sine
θ1(v, τ) = 2q
1/4(sinpiv)(q2, q2)∞(q
2e−2ipiv, q2)∞(q
2e2ipiv, q2)∞
then
θ1(τ, 5τ) = iq
1/4(q2, q10)∞(q
8, q10)∞(q
10, q10)∞;
θ1(2τ, 5τ) = iq
−3/4(q4, q10)∞(q
6, q10)∞(q
10, q10)∞.
From whih we dedue,
R(q) = q−6/10
(q2, q10)∞(q
8, q10)∞
(q4, q10)∞(q6, q10)∞
= q−6/10
θ1(τ, 5τ)
θ1(2τ, 5τ)
.
The result follows from theorem 2-5 whih asserts that
θ1(v, τ) = θ4(0, τ) exp[ipi(v − 1
2
+
1
4
τ)−
∑
p≥1
∑
k≥0
1
p
(
sinpi(v + 12τ)
(sin(k + 12 )piτ)
)2p
].
Thus,
R(q) = exp[−ipi 8τ
5
+
∑
p≥1
∑
k≥0
−1
p
[(sin 7piτ2 )
2p − (sin 9piτ2 )2p]
(sin(k + 12 )5piτ)
2p
].
Another equivalent expression may be obtained by the same tehniques
R(q) = exp[−ipi 8τ
5
+
∑
p≥1
c2p(5τ + 1)[(cos
7piτ
2
)2p − (cos 9piτ
2
)2p].
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